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A multiscale modeling approach was developed to capture concentration variations
in the fluid in two dimensions for catalytic flow reactors. The methodology couples
continuum descriptions of the fluid phase and kinetic Monte Carlo simulations of the
catalyst domain. A number of catalytic domains, placed as patches along the length of
the reactor, were solved using kinetic Monte Carlo (kMC) and linked with a finite dif-
ference (FD) solver for the fluid phase. Patch dynamics concepts, such as lifting,
restriction and interpolation, were employed to provide the complete set of boundary
conditions to the continuum solver. A simple kinetic mechanism involving adsorption,
desorption and a single-step surface reaction was used to validate the approach by
comparing the solution obtained using the multiscale scheme with a model solved
using a wholly implicit solution. Solutions from a mean-field model and the multiscale
scheme for a system in which surface diffusion was low were then contrasted. © 2006
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Introduction

Multiscale modeling has emerged as a major area of inter-
est in materials design.'”'® The properties of a material used
at the process scale are often a consequence of phenomena
that occur at different time and length scales. In order to
design optimal materials, capabilities to predict the properties
at the process scale, based on the phenomena occuring at the
relevant scales, are required to keep pace with experimental
developments that allow materials to be designed precisely at
the nanometer or even atomic scale.'®~>*

One specific area where precise control over material
architectures has been accomplished is heterogeneous catalysis.
Recently, molecular squares™ and related materials'®->*>2-30-32
and metal-organic frameworks® have been developed that ex-
ploit capabilities to direct transition-metal chemistry towards a
catalyst with tailored composition and pore structure. Different
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combinations of metal corners and organic linkers have been
shown to yield discrete triangles, squares or extended three-
dimensional (3-D) structures having pores or cavities of con-
trolled sizes, with the choice of linkers providing a handle on
the specific chemical functionality. These catalytic materials
have been supported on membranes with nanometer pore sizes,
and have been shown to be stable against leaching.*” The over-
all reactor configuration that has been employed is shown in
Figure 1. The reactor consists of numerous small cylindrical
pores, the inner surface of which is coated with a layer of cata-
lyst. Reactants and products are transported in the fluid phase
in both the axial and radial directions, and reaction occurs
when molecules contact the catalyst coating on the walls.
Although the length scales are smaller, this is the same general
configuration as catalytic monoliths or honeycomb reactors that
are used in industrial applications.3 842 Continuum models have
already been developed to describe monolith reactors,”> > as
well as related catalytic membrane reactors.”’ > Typically,
these models have been solved using standard computational-
fluid dynamics (CFD) techniques, such as finite difference
(FD) or finite element methods (FEM). Very recently, there
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Figure 1. Reactor configuration being examined is a
nanoporous membrane, which contains a
film of catalytic material along the surface
inside the cylindrical pores.

A reactor consists of numerous pores as shown on the left.
The enlarged view of a single pore is shown on the right
side. The reactants are transported in the fluid phase, con-
tact the active catalytic sites on the wall of the pores, and
are transformed into products. [Color figure can be viewed
in the online issue, which is available at www.interscience.
wiley.com.]

has been an effort to develop specialized techniques to improve
the efficiency of the solution of these models.®>% However,
these continuum-level simulations have assumed that the cata-
lytic surfaces are spatially homogeneous. Therefore, mean-field
kinetic models have been used. These models are inadequate
to handle the presence of defects, facets, impurities, reconstruc-
tions and lateral interactions that can render heterogeneous sur-
faces nonuniform. In these cases, it is necessary to use a mo-
lecular-level solver to describe the catalytic surface.

Recently, a small number of models have been developed
for heterogeneous-catalytic reactors which link a molecular-
level solver for the catalyst phase with a macroscopic-scale
solver for the fluid phalse.m’67 However, all these models
have assumed that the concentration in the fluid phase varies
in only a single direction, normal to the plane of the catalytic
surface, and, thus, are not able to describe the axial concen-
tration gradients inherent in monolithic and membrane re-
actors. Given the current approaches, it would be compu-
tationally prohibitive to solve a catalyst domain long enough
to experience a concentration variation in the contacting
fluid.

This work describes the development of a multiscale
approach that couples a continuum description of the fluid
phase and kinetic Monte Carlo simulations of the catalyst do-
main using the concept of patch dynamics>*”%!!1? to handle
the concentration variation in the axial direction. The govern-
ing equations and parameters in the fluid phase were speci-
fied based on representative conditions for liquid-phase olefin
epoxidation using catalytic assemblies of molecular squares sup-
ported over membranes with nanometer pore sizes. First,
contributions of the different modes of transport in the fluid
phase for these representative conditions were evaluated in
order to develop an appropriate model to describe the trans-
port of reactants and products in the fluid phase. The fluid
phase model was solved using finite difference, and coupled
to the catalytic surface via a number of catalytic domains,
placed as patches along the length of the reactor, that were
solved using kinetic Monte Carlo (kMC). Patch dynamics
concepts, such as lifting, restriction and interpolation, were
employed to provide the complete set of boundary conditions
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to the continuum solver. Two different reaction mechanisms
were evaluated to demonstrate the approach. A simple kinetic
mechanism involving adsorption, desorption and a single-step
surface reaction was used to validate the solution obtained
using the multiscale scheme by comparison with a model
solved using a wholly implicit scheme. The second mecha-
nism included a bimolecular surface reaction step between
surface species that were considered to be immobile, so that
the solution from the multiscale method and a mean-field
description could be contrasted.

Model Development

The reactor consists of a catalytic film fashioned on an
inert support as depicted in Figure 1. Reactants enter the re-
actor through transport in the axial direction and come in
contact with the catalytic surface through diffusion in the ra-
dial direction. Products are formed on the surface which then
diffuse out to the fluid phase, and are then transported out of
the reactor to the downstream side.

Transport in fluid phase

Formulation of the governing equations describing the con-
centration of reactants and products in the fluid phase requires
knowledge of the dominant modes of transport in the fluid.
The different possible modes of transport in a pore are Knud-
sen, molecular and surface diffusion, and Poiseuille flow.
Knudsen diffusion occurs when the mean free path of the mol-
ecules is of comparable size to or larger than the pore diame-
ter. Molecular diffusion occurs when the molecules collide
with each other more frequently than the walls of the pores,
that is, the mean free path is shorter than the dimensions of
the pore. Surface diffusion is an activated process that takes
place on the surface of the pores. Poiseuille flow, or convec-
tion, is pressure dependent, and takes place only when the
pore diameter is significantly larger than the size of the mean-
free path of the molecules. Each of the transport modes can be
expressed in terms of a diffusivity as shown in the Egs. 1-4.98
In this analysis, surface diffusion was assumed to be negligi-
ble, because the pores will be filled with liquid and the radial
distribution function will likely be uniform.

2 /8RT
Knudsen diffusion Dg =—ry/— €))
3 m
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Molecular diffusion Dy = o )
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where r is the pore radius in m, m is the weight of a mole-
cule in g, T is the temperature in Kelvin, ¢ is an association
parameter,69 Mp is the molecular weight of the solvent B
(kg/kg mol), pu is the viscosity of the solvent B (kg/m s), E;
is the activation energy for surface diffusion, R is the univer-
sal gas constant, p is the average pressure in Pa, and 7 is the
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Table 1. Parameters Used to Determine Contributions of the
Different Modes of Transport in a Nanoporous Membrane

Styrene Dichloromethane
Molecular weight (kg/kg mol) 104 85
7 (kg/m s) 6.75 x 1074 417 x 107*
p (g/ml) 0.9 1.32

Styrene and dichloromethane were used as a representative solute and sol-
vent, respectively, at a temperature of 300 K.

viscosity of the solvent in Pa-s. Equation 2 is the widely
used Wilke-Chang equation for diffusion in liquids. Other
correlations, such as the Rankin equation,70 were tested and
shown to give molecular diffusion coefficients of the same
order of magnitude.

The overall transport is a combination of all these individ-
ual components, and the Knudsen and molecular contribution
can be calculated based on the Pollard and Present approxi-
mation’' shown as follows:

1
Drotar = T T + Dpoiseuitie + KDsurface ©)

Dx ' Dy

where K is the partition coefficient between the fluid and the
surface.

Based on the epoxidation of styrene at 300 K using iodosyl-
benzene as the oxidant and dichloromethane as the solvent,
representative diffusion coefficients were calculated to deter-
mine the dominant mode of transport as a function of pore di-
ameter and average pressure. The parameters used in Eqs. 1-4
are summarized in Tablel, and the contribution of convective
flow to the total flow is plotted in Figure 2. For pores 20 nm in
dia., which is currently the lower bound of commercially avail-
able nanoporous alumina disks, convection was found to
account for 65 to 80% of the total transport for pressures rang-
ing from 1 to 2 atm. For larger pore sizes, and also for higher-
pressures, convection will have an even greater contribution.
Based on these calculations, the steady-state governing equa-
tion in the fluid phase was formulated as follows

3*Ci fuia
Di o2

" 0Ci fuia _ ©)
0z
where u is the local velocity in the fluid phase, C;4,iq is the
concentration of the i™ component, and D, is the diffusivity
of the i component in the fluid. Based on the structure of the
pores and the low Reynolds number for the system, the veloc-
ity profile in the fluid was assumed to be laminar.®?
The boundary conditions for the problem are shown as fol-
lows:

Cipia =Cip  y>0, z=0 W)
aCi Ui
aﬂ d =0 Y = Ycent, Z >0 (8)
y
OC; fui n
Dy —L kaiCiwia| 1 =) 0;

Oy =

— kd,,-Gl-f(Hh Hj, ...... ,HH,T) y = 07 z>0 (9)

where k,; and k,; are the adsorption and desorption constants
of species i, respectively, 0; is the surface coverage of spe-
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cies i, and n is the total number of surface species. In this
equation, the adsorbates have been assumed to occupy one
site for simplicity. The function f(0;, 0;, ... ... , 0,, T) repre-
sents the effect of lateral interactions and the microstructure
of the surface. If the surface model is based on mean-field
kinetics, f takes a value of unity. However, if a molecular
model such as kinetic Monte Carlo is used, f takes a value
different from unity, depending on the nature of the kinetic
mechanism and the microstructure of the surface. It may be
noted that Eq. 9 is valid only for species which exist in both
free and adsorbed forms. For a species which directly partici-
pates in the surface reaction steps in the free form, the flux
at the interface is given by its net rate of formation per unit
area of the catalytic surface, an example of which is shown
later in the context of a bimolecular kinetic mechanism.

Kinetic models on the surface

Two different reaction mechanisms were used as test
cases. The first one involved a unimolecular surface reaction
shown as follows:

A+S=AS (10)
AS = BS (11)
BS=B+S (12)

where A and B represent the reactant and product species,
respectively, S represents an empty lattice site on the surface,
and AS and BS are the adsorbed forms of A and B, respec-
tively.

The second kinetic mechanism involved two different
reactant species A and B adsorbing on the surface and a
bimolecular surface reaction step leading to the formation of
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Figure 2. Contribution of convective mode of transport
in the axial direction in pores ranging from 10
to 20 nm as a fraction of the total transport.
The operating pressure ranges from 1 to 2 atm. For the
smallest commercially available pore dia. of 20 nm, convec-
tion is found to account for about 65-80% of the total

transport. For larger pore sizes and higher pressures, con-
vection will have an even bigger contribution.
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Table 2. Rate Constant Parameters for the Unimolecular
Surface Reaction Mechanism in Eqgs. 10-12

Reaction Forward Reaction k¢ Reverse Reaction &,
10 4000° 481°
11 33.0° 0.01°
12 289° 3200°

“molecule/M/site/s.
molecule/site/s.

the product C, which exists only as a free species in the fluid
phase.

A+S=AS (13)
B+S+=BS (14)
AS+BS=C+2S (15)

The sets of kinetic parameters for these mechanisms are
summarized in Tables2 and 3. For the unimolecular mecha-
nism, the parameters were modified from previous work on
lattice-based kMC.”? For the bimolecular mechanism, the pa-
rameters were derived from the same work, but the adsorp-
tion and desorption rate coefficients were increased to reduce
computational time.

Mean-field Surface Model. 1In the mean-field (MF) model,
the adsorbed molecules are assumed to be distributed homoge-
neously. The quantity of interest in this model is the fractional
coverage 0, which is continuous ranging between 0 and 1. For
the unimolecular mechanism described by Eqgs. 10-12, the
coverages at steady state are described by the following set of
algebraic equations.

kaaCa fluid (1 - 0j> — kaa0s — ksf04 + ksp0p = 0
Jj=1

kaBCB fluia (1 - Z 9j> — kapOp + ksp04 — ksplp =0 (16)
=1

j=

where kg and kg, are the forward and reverse rate constants for
the surface reaction, respectively, k.4 and k,p are the rate con-
stants for adsorption of A and B, respectively, and k 4 and k g
are the rate constants for desorption of A and B, respectively.

For the bimolecular mechanism described by Eqgs. 1315,
the following set of algebraic equations describes the cover-
ages at steady state for the mean-field model.

n
kaaCa fuia (1 - Z 9,') — kgaOs — ksp040p
=

2
n
+ ksp.Cc fuid (1 - Z 9j> =0
=)
n

kaBCB fuia (1 - Z 9/> — kapOp — ksr040p

=
; 2
+ ksoCc fuia (1 - Z 0,) =0 (17)
=
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For this mechanism, the mean-field approximation is clearly
seen in the surface reaction steps, where the forward and
backward rates are given by kg040p and ks,.Ccpuia
(=30 0;)%, respectively. The inherent assumption embed-
ded in these rate expressions is that all lattice sites on the
surface are equally accessible to an adsorbate molecule,
which implies an infinite rate of surface diffusion. Under
working conditions on a real catalyst surface, however, an
adsorbate molecule on the surface can interact only with a fi-
nite number of neighboring sites, depending on the rate of
surface diffusion.

Kinetic Monte Carlo Surface Model. Due to its ability to
explicitly track individual events such as adsorption, desorp-
tion, reaction and diffusion, and also because of the ability to
track the individual molecules and their positions on the cat-
alytic surface, kinetic Monte Carlo provides a more descrip-
tive method of studying the evolution of coverage that
includes spatial information. It is specifically valid in situa-
tions where the continuum description fails and can account
for heterogeneities in the local environment on the surface.
In particular, kinetic Monte Carlo can easily track events that
are impacted by adsorbate-adsorbate interactions and situa-
tions where low surface diffusion is present, both of which a
mean-field model has difficulty handling.

The kMC model for the unimolecular mechanism described
by Eqgs. 10-12 is identical to the MF model, where the cover-
age values are calculated using the numbers of lattice sites
occupied by a given adsorbate divided by the total number of
lattice sites. For the bimolecular mechanism described by Eqgs.
13—15, low-surface diffusion has been assumed, and a given
adsorbate molecule is assumed to interact only with its nearest
neighbor sites. Thus, at a given coverage and fluid-phase con-
centration, both the forward and reverse rates of surface reac-
tion are lower than ksf40p and ksyCe guia(l — Z;':I 0%,
respectively, as predicted by the MF model. The forward rate
is tallied by counting the number of AS-BS ensembles on the
surface. It may be interesting to note that for this bimolecular
mechanism, the flux of product C at the interface, which is
given by the net rate of the surface reaction step, is likely to
be predicted differently by the MF and the kMC models at a
given coverage and fluid-phase concentration. Since the inter-
facial flux is used as the boundary condition for the fluid
phase solver, the resulting profile of the product C in the fluid
phase can be expected to be different.

Fully Implicit Solution

The fully implicit model for the given reactor configura-
tion was implemented in order to provide a benchmark for

Table 3. Rate Constant Parameters for the Bimolecular
Surface Reaction Mechanism in Eqgs. 13-15

Reaction Forward Reaction &, Reverse Reaction k;,
13 1.0° 0.107°
14 1.0° 0.357°
15 2.22° 0.0

“molecule/M/site/s.
"molecule/site/s.
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Table 4. Parameters Used for all Problems

Parameter Units Value
Diffusivity in fluid m*/s 53 x 1077
Fluid thickness m 1.0 x 1078
Fluid velocity m2/s 0.01
Grid size in radial direction m 24 x 1071

the multiscale solution. The fully implicit model consists of
simultaneously solving the fluid transport model, described
by Eq. 6, along with the set of algebraic equations derived
from the mean-field models for the kinetic schemes consid-
ered, which are obtained from Eqs. 16 or 17. The resulting
set of differential-algebraic equations (DAEs) was solved
using a second-order finite-difference scheme using central
difference in the radial (y) direction, and backward difference
in the axial (z) direction. The parameters corresponding to
the solution of the fluid phase are shown in Table4. The fully
implicit model includes all the assumptions inherent to the
mean-field approximation. For the unimolecular reaction
mechanism, the mean-field model should match perfectly
with the kinetic Monte Carlo model, and, therefore, the fully
implicit solution can be used to validate the implementation
of the multiscale scheme. In the case of the bimolecular
mechanism, for low surface diffusion rates, the fully implicit
solution should predict a higher conversion of A and B if the
multiscale scheme is properly implemented.

Multiscale Coupling

A small number of models have been developed in the
past to link a molecular-level solver for the catalyst phase
with a macroscopic scale solver for the fluid phase.**%
However, these models are not suitable for an accurate
description of small tubular shaped reactors, such as nano-
scale membrane reactors or monoliths, because resolution of
concentration in these models only occurs in a single direc-
tion, perpendicular to the plane of the lattice.

The present multiscale method builds on previous work in
which a molecular-level solver for the catalyst phase was
coupled with a macroscopic solver for the fluid phase,**~®’ but
augments these previous approaches by allowing for resolution
of concentration gradients in two spatial directions. The differ-
ent components of the multiscale model developed in the cur-
rent work are described later. The coupling scheme used to
combine these components is then discussed. All results were
obtained for a pore 20 nm in dia. and 1 um in length.

Components

Finite Difference Scheme. A second-order finite differ-
ence scheme with 43 grid points per component in the radial
direction spaced 0.24 nm apart for each axial location was
used to solve the steady-state problem described in Eq. 6.
The number of grid points was selected based on decreasing
the grid size and monitoring when the solution asymptoti-
cally converged within a tolerance of 1.0 x 10~° M for all
species. A backward difference scheme in the axial direction
allowed the solution to march in the axial direction in steps
of 0.01 um starting from the set of concentration boundary
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conditions at the inlet point of the reactor. The backward dif-
ference scheme allowed for upwinding, which made the solu-
tion particularly memory efficient, while still retaining the
desired accuracy. The boundary conditions at the catalytic
surface were obtained based on the solution of the surface
model, as well as the restriction operations which are dis-
cussed later. An iterative scheme, discussed later in this sec-
tion, was implemented to obtain the final solution.

Kinetic Monte Carlo. An efficient lattice-based kinetic
Monte Carlo solver’? was further augmented to solve for
steady-state profiles. In this scheme, three possible events,
adsorption, desorption and surface reaction, were considered.
An efficient algorithm was used to update the transition prob-
abilities. Further details of the implementation of the lattice-
based kMC solver are given by Dooling and Broadbelt.”

In order to simulate low surface diffusion, only first nearest-
neighbor interactions were considered between adsorbate
molecules. Periodic bounday conditions were implemented to
minimize the effects of the finite lattice sizes. For each set of
kinetic parameters considered, different lattice sizes were
used to determine the smallest size above which the lattice
size was found to have no significant effect on the solution.

The overall solution methodology consisted of an iterative
scheme in which the fluid conditions were varied, and kinetic
Monte Carlo was used as a tool to evaluate the steady-state
surface conditions and interfacial flux for a given fluid phase
condition. Because kinetic Monte Carlo is a stochastic-
solution method, its output is characterized by fluctuations.
As a result, when kMC is used to solve for steady-state pro-
files, identification of the steady-state coverage is not as
straight-forward as when a mean-field model is used. In order
to overcome this issue, a second-order linear filter® was
implemented which was capable of rejecting a significant
portion of the noise and produced a smoother profile. The
state-space representation of the filter is as follows:

dyr
g Ywc (18)
dymc K 1
=2 e —ye) == 19
7 . (yamc — yr) ZYic (19)

where yuyc is the output of the kMC simulator, yg is the fil-
ter output, K is the filter gain, and 7 is the time constant. Fig-
ure 3 shows the results obtained using the parameters 7 =
0.5 s and K = 1 (dimensionless) for the unimolecular mecha-
nism described by Eqgs. 10-12 with a fluid-phase reactant
concentration of 8 M at the interface and a 30 x 30 lattice.
The filter output was found to oscillate initially around the
kMC output, but the oscillation quickly dampened to produce
a smoother profile. Time-averaged profiles for each species
are monitored at every 1 s interval in order to identify steady
state. If the maximum variation in the time-averaged profiles
relative to the minimum time-averaged value is less than a
specified tolerance over a period of 4 s, steady state was
deemed to have been attained. A tolerance of 1% was used
for all the runs.

The size of the lattice structures that can be simulated
using molecular solvers such as kMC with reasonable com-
putational expense are on the order of 10* sites. However,
based on experimental evidence obtained by our collabora-
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Figure 3. Effectiveness of a second-order linear filter in eliminating stochastic noise for the identification of steady

state.

The noisy line represents the output of the kKMC solver, while the smoother line represents the filter output. A 30 x 30 lattice was used
for the unimolecular mechanism with fluid-phase concentrations of 8 M and 0 M for A and B, respectively, and initial surface coverages
of A and B both equal to 0. The figure on the left shows the evolution of the coverage of A as a function of time, while the figure on the
right is a magnified view of a portion of the profile seen on the left. The filter parameters K and t were set to 1 and 0.5 s, respectively.
The filter output was found to oscillate initially around the kMC output, but rapidly stabilized to produce a smooth profile. [Color figure
can be viewed in the online issue, which is available at www.interscience.wiley.com.]

tors,”” a single pore can contain more than 10° catalytic sites
on the surface, which makes it prohibitively expensive to
simulate. Because the concentration in the fluid phase in con-
tact with different sites varies, it is not sufficient to use a
simple scaling factor to convert between the lattice size
simulated and the total number of catalytic sites in the entire
reactor as done for reactors with homogeneous fluid phases,
such as batch or CSTR.”> A gap-tooth scheme was used to
overcome this challenge as described later.

Gap-tooth Scheme. Recently developed by Kevrekidis
et al., the gap-tooth scheme®*7# 1112 allows two different
levels of description to coexist in a computational domain. In
this scheme, the domain is decomposed into periodically-
spaced modules, each having width “h”, called teeth, which
can be solved using a certain suitable level of description.
The spaces between the teeth are called gaps, with a width
“H”, in which a solution may be obtained by using a coarser
level of description than that used in the teeth. Each tooth in
the domain corresponds to a nodal point for the coarse solu-
tion. Details of the implementation of this scheme are
described by Kevrekidis and coworkers,>*'""!? but some of
the features most pertinent to our implementation are
described here. In the gap-tooth scheme implemented here,
each tooth is solved using the microscopic descriptor kinetic
Monte Carlo, while the coarse description is based on inter-
polation techniques.

Figure 4 shows how the gap-tooth scheme was imple-
mented. The catalytic surface of the pore was divided into
small modular regions, or teeth, each consisting of a 30 x
30 lattice, which were solved using the kMC solver. The
configuration of the lattice sites was initialized by “lifting”
based on the steady-state coverage obtained in these lattice
sites during the previous iteration. During lifting, adsorbed
species are randomly placed on the lattice sites in such a
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way that the fractional occupancy of a given species in the
lattice exactly conforms to its coverage. In the most simple
case in which no coverage gradient on the surface needs to
be taken into account, such as the ones implemented here,
the positions of the adsorbed species on a given 30 x 30 lat-
tice can be chosen randomly without constraints. However, if
a coverage gradient exists on the surface, special care needs
to be taken to ensure that the gradient is replicated at the mi-

reactor

l

patches of
kMC domains

Interfacial

Interfacial flux and
conc obtained from kMC

Interpolated flux and conc

Figure 4. The multiscale coupling method implemented
using a gap-tooth scheme.

The catalytic surface was decomposed into small discontin-
uous patches which were solved separately using a kMC
solver. The interfacial concentration and flux boundary con-
ditions were obtained for the entire length of the reactor
using restriction and interpolation techniques, which were
used as the boundary conditions for the fluid solver. [Color
figure can be viewed in the online issue, which is available
at www.interscience.wiley.com.]
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| Initialize concentrations in CFD domain

= 1 to No. of kMC modules .

[Step until steady-state in surface model using kMC solver]

Extract interfacial flux
to be used as boundary conditions for
CFD solver

| Sclve steady-state fluid transport model using CFD solver |

v

etermine concentrations above surface
and species’ profiles
NO
Change in fluid conc. < TOL ?

YES
Report results

Figure 5. The iterative solution scheme used to obtain
the steady-state solution using the multiscale
scheme.

croscopic scale. A usual practice is to divide the lattice into
smaller sublattices, and the occupancy in each of these
sublattices is determined based on the gradient information.

Another important operator implemented in the gap-tooth
scheme is “restriction”, which is used to obtain the molar
flux into the surface at the end of the kMC solution. During
“restriction”, the ensemble-based microscopic information is
converted into dimensionless coverage. For species which
exist in both free and adsorbed forms, this is straightforward,
and Eq. 9 can be used directly to obtain the flux. For species
which exist only in the fluid phase, for example, product C
in the bimolecular mechanism, the expression kgsimc0a—p
must be evaluated to obtain the interfacial flux (instead of
kg40p as in the fully implicit model), where 04_g is the ra-
tio of the number of AS-BS ensembles on the surface over
the total number of lattice sites (which is 900 in the case of
the 30 x 30 lattice used here), and kg e is the forward rate
constant for the surface reaction. Note that kg¢sppe = kgf8 for
the lattice configuration considered here,’? and the interfacial
flux for product C depends only on the rate of the forward
surface reaction since kg, was set equal to zero. Once the
interfacial molar fluxes for the different species were
obtained at the positions of the different teeth, the overall
coarse profile of the interfacial flux for the entire length of
the reactor was obtained by interpolation. A single third-
order polynomial was used for each species as the interpolat-
ing function for the entire length of the reactor, the coeffi-
cients of which were obtained by regression using the flux
evaluated at the positions of the teeth through “restriction”
as described earlier.

Coupling method

The three components discussed earlier are the essential
components of the multiscale solution scheme. The strategy
used to couple these components is discussed here.
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Domain Decomposition Method. Recently, there has been
considerable interest in the application of domain decomposi-
tion methods to the solution of partial differential equa-
tions.”>”"> In this approach, the domain of interest is parti-
tioned into smaller subdomains to improve computational
efficiency either by simplifying the generation of grids in an
irregularly shaped domain, or by solving each of the domains
separately in parallel. Another motivation for applying do-
main decomposition is if different subdomains are governed
by different physics, and, thus, described by different equa-
tions.®’ Finally, it may be desirable to use different numerical
schemes for solution of the different subdomains,73 as is the
case in the present work, which, thereby improves the overall
efficiency of the solution.

In this problem, the reactor is broken down into two sub-
domains, the fluid domain and the surface domain. A finite-
difference scheme is used to solve the fluid domain, while a
kMC solver is used to solve the surface profile. The two
domains are coupled together at the boundary by matching
flux of the different species. Since the two solvers being
implemented are suitable for different length- and time-
scales, their solutions need to be interconverted efficiently
and accurately. Interconversion is achieved using the lifting,
restriction and interpolation operators as described earlier as
parts of the gap-tooth scheme.

Iterative Solution Method. An iterative scheme is imple-
mented to obtain the steady-state profiles using the domain
decomposition method described earlier. The iterative
method is shown in Figure 5. In this method, the concentra-
tion in the fluid phase throughout the entire length of the re-
actor is first initialized by solution of the model equations
with surface coverages for all species at all values of z set
equal to zero. Based on the fluid-phase concentrations at the
interface, thus, obtained, all the surface modules are solved
separately using kMC to obtain the steady-state configura-
tions with identification of the steady state facilitated by the
use of a second-order linear filter. Once the steady-state sur-
face coverages are known, interfacial flux conditions are
extracted to be used as boundary conditions for the fluid-
phase solver. The fluid transport model is then solved subject
to the new set of interfacial boundary conditions, and the
new solution profile is compared with the previous solution.
If the difference is less than a specified tolerance, conver-
gence of the overall algorithm has been reached. The magni-
tude of the tolerance was fixed to 0.001 M for all the runs. If
convergence has not been attained in this iteration, based on
the new fluid-phase concentrations obtained at the interface,
the surface modules are solved again to obtain the flux at the
interface, and then the solution of the fluid phase is repeated.

Results and Discussion

The two different mechanisms described above were used
to obtain the steady-state solutions using both the fully-
implicit solution and the multiscale scheme. The results
obtained using the two schemes are discussed here.

Unimolecular mechanism
Using both methods, solution was obtained for a reactor
length of 1 um. The inlet concentration of reactant A was
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Figure 8. Comparison of transient profiles of the coverage of species A for the bimolecular reaction mechanism,

obtained using the mean-field model and kinetic Monte Carlo for different magnitudes of surface diffu-
sion (implemented by different rate constants of adsorption and desorption).

A 30 x 30 lattice (900 lattice sites) was used for each of the kMC runs. The mean-field solutions are shown as smooth solid lines, while
the kMC solutions are characterized by fluctuations. All the profiles are obtained for fluid phase concentrations of 0.24 M for both A and
B at the interface. (a) comparison at the original rate constants of adsorption and desorption; (b) comparison when the rate parameters for
adsorption and desorption are 10 times the original; (c) comparison when the rate coefficients for adsorption and desorption are 50 times
the original; (d) comparison when the rate coefficients for adsorption and desorption are 200 times the original rate constants. The two
sets of solution are found to converge with increasing adsorption and desorption rate constants, which demonstrates the ability of kMC to
capture heterogeneities due to low surface diffusion. This is manifested as deviations between the fully implicit and multiscale profiles for
the bimolecular mechanism as shown in Figure 7. [Color figure can be viewed in the online issue, which is available at www.interscience.

wiley.com.]

8 M and of product B was 0 M. In each case, concentrations
were monitored at 101 sets of axial grids spaced 0.01 um
apart along the length of the reactor, with each axial set con-
sisting of 86 nodal points for the two species present. Six differ-
ent surface patches, spaced 0.2 um apart, each of size 30 x 30,
were simulated using the kMC solver in the multiscale scheme.
For the given problem, the choice of six patches was based on a
reasonable trade-off between computational speed and accu-
racy; the use of a smaller number of patches incorporates errors
in the solution due to interpolation effects, and the use of a

AIChE Journal December 2006 Vol. 52, No. 12
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larger number of patches requires more computational time.
While the computational time for each run varied due to the
stochastic nature of the solution, an average run took about
20 iterations and 40 min to run on a workstation running
a 2.2 GHz Xeon processor. About 1.0 x 10° events were
simulated for each patch to attain steady state. Comparison
of the results obtained for the multiscale scheme and the
fully implicit solution is shown in Figure 6. Clearly, the two
solutions are in very good agreement, thereby validating the
implementation of the multiscale scheme.
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For the unimolecular reaction mechanism considered, the
rate of surface diffusion does not play any role in determin-
ing the effective rates of adsorption, desorption and surface
reaction. Therefore, although the mean-field model has an in-
herent assumption of infinite surface diffusion, and the kMC
model does not account for any surface migration events, the
rates predicted by both models are in complete agreement as
expected.

Bimolecular mechanism

In the case of the bimolecular reaction mechanism, solu-
tions were also obtained for a reactor of length 1 um. The
inlet concentrations of the reactants A and B were set at
0.24 M, while that of the product C was set to 0 M. For both
solution schemes, concentrations were monitored at 101 sets
of grid points placed 0.01 um apart along the length of the
reactor, with each axial set of grids consisting of 129 nodal
points for the three species present. Six surface patches, each
spaced 0.2 um apart, were simulated using the kMC solver.
As in the case of the unimolecular reaction mechanism, the
choice of six patches placed 0.2 um apart provided a reason-
able trade-off between computational speed and accuracy.
On average, a kMC run simulated about 2 x 10° events to
reach steady state. A typical run took about 25 iterations and
2 h to converge. Comparison of the results obtained by the
multiscale method and the fully implicit scheme is shown in
Figure 7. The two solutions are found to disagree with each
other. The fully-implicit model predicts a higher conversion
than the multiscale scheme, while the coverage predicted by
the multiscale model is higher than that predicted by the
mean-field model. These results demonstrate how structural
heterogeneities at the microscopic scale as implemented here
via low surface diffusion can manifest themselves at the re-
actor scale. Although the conversion is low and the steady-
state coverages do not vary appreciably along the length of
the reactor, the surface heterogeneity manifests itself as sig-
nificant and measurable differences in reactant conversion,
product yields and surface coverages between the kMC and
MF results.

For the bimolecular reaction mechanism considered, the
net rate of the surface reaction is a strong function of the
rate of surface diffusion. While the mean-field model consid-
ers infinite diffusion rates on the surface, the kMC model
does not include any explicit surface diffusion events. Reac-
tion is allowed only between first-nearest neighbors, thus,
implying a low rate of surface diffusion. This leads to a
lower effective rate of surface reaction than that predicted by
the mean-field model. In order to explore this further, the
temporal evolution of the adsorbate profiles at a single lattice
position was studied using kMC and mean-field models for
the same reaction mechanism and surface rate parameters,
but with higher rate constants of adsorption and desorption.
The profiles are shown in Figure 8. It was found that as the
adsorption and desorption rate constants were increased, the
agreement between the multiscale and the mean-field solu-
tions improved, until finally when the rate parameters were
over 200 times higher, the two solutions were in very good
agreement. The fully-implicit solution and the multiscale so-
lution for the entire reactor were also compared for the
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higher rate constants of adsorption and desorption. The
results are shown in Figures 9 and 10 for factors of 10 and
50, respectively. A comparison of these figures with Figure 7
shows that the agreement between the fully-implicit solution
and the multiscale solution at the reactor scale improves with
increasing surface diffusion. These results further validate the
implementation of the multiscale method. They also highlight
the most attractive feature of the multiscale scheme, which is
its ability to give a detailed description of the catalytic sur-
face and its kinetics that allows surface nonuniformity to be
taken into account. Furthermore, the multiscale method
implemented here enables concentration variations in two
spatial dimensions to be captured.

Conclusions

A multiscale algorithm was developed and implemented,
which allows the solution of heterogeneous catalytic-flow
reactors with resolution of concentration in the fluid phase in
two dimensions. The scheme is implemented using a domain
decomposition technique in which the fluid phase is solved
using finite difference, while the catalyst phase is solved by
a molecular-level solver implemented through a kinetic
Monte Carlo scheme. Patches of kMC domains equally
spaced in the axial direction were implemented along the
surface of the reactor. A gap-tooth scheme was employed
which performs lifting, restriction and interpolation opera-
tions to provide the complete set of boundary conditions
along the physical interface, and is also responsible for initi-
alizing the lattice microstructures of the kMC domains,
thereby ensuring efficient communication between the solvers
at the different length- and time-scales.

Two sets of model kinetic mechanisms were solved using
the multiscale scheme to obtain steady-state solutions. The
first kinetic mechanism consisted of a single reactant and a
product species participating in adsorption and desorption,
along with a single unimolecular surface reaction step. The
solution obtained using the multiscale scheme for this kinetic
mechanism was found to be in very good agreement with a
mean-field model solved using a fully implicit method. This
agreement validates the implementation of the multiscale
scheme. Furthermore, a second kinetic mechanism consisting
of two reactants and one product species, which consists of a
bimolecular surface reaction step, was also implemented.
With the implementation of low surface diffusion by allow-
ing only first nearest-neighbor interactions between adsor-
bates, the solution obtained by the multiscale scheme was
found to differ significantly from the equivalent fully-implicit
model, which demonstrates the capability of the multiscale
model to track structural heterogeneities, such as low surface
diffusion.
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